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In paper I, a theory of Heisenberg spin exchange (HSE) was formulated to treat both electron
spin polarization (CIDEP) and relaxation. In this paper (II), the expressions have been
extended to consider the dependence of the exchange strength J(#) on the interradical distance
r. Analytic expressions for the CIDEP enhancement E and the spin exchange frequency v,
have been obtained by adopting an exponential model for J(7) and integrating over a
distribution of encounter distances 7 based on a Brownian diffusion model. A semiempirical
expression for E has also been developed by replacing the usual diffusion parameters with
experimentally measurable properties that are functions of diffusion. The behavior of v,, and £
on the exchange strength J(r) and the steepness of the distance dependence 7, is illustrated.
The analytic results are consistent with existing numerical calculations and agree remarkably
well with recent experimental measurements. The role of viscosity is treated to explain recent
results for relaxation (v,, ) and polarization (E) measurements of (i) acetate radical anion,

(ii) H and D atoms, and (iii) acetone photoreduction.

I. INTRODUCTION

In the preceding paper (I),' it was shown how the seem-
ingly disparate processes of chemically induced dynamic
electron spin polarization (CIDEP) and relaxation, induced
by Heisenberg spin exchange (HSE), could be unified under
a single formalism. The details for obtaining a transient solu-
tion for the complete radical pair (RP) density matrix were
presented by invoking reasonable assumptions and by fac-
toring the RP Hamiltonian. Examples were given for the RH
and RH, radical spin systems as well as for general spin
systems represented by z-line ESR spectra. Implications to
reactive radicals were discussed and nonphenomenological
Bloch-type equations were formulated and solved in a form
suitable for describing time-resolved ESR experiments.

The exchange interaction in paper I' is model indepen-
dent in regard to the dependence on interradical distance. In
this paper, we extend the theory to include a specific model
for this dependence. We also attach a stronger physical de-
finition to encounter time and encounter distance and con-
sider long range exchange interactions where J(7) is still
sufficiently large to induce exchange effects.

The objective of the present paper is (i) to develop sim-
ple analytic expressions for £ and v., which incorporate a
realistic model for the J () interradical distance dependence
and (ii) to relate E, not only to microscopic diffusion param-
eters, but also to experimentally measurable quantities that
are a function of diffusion. The present approach comple-
ments a collection of related work,?™* though possibly more
exacting, require tedious computation®* or numerical solu-
tion* and which convey little physical insight. Here we de-
rive working relations for E and v,, that are straightforward
to use. A comparison of calculated results with recent ex-

) Significant portions of this paper were written at the California Institute
of Technology under the support of the National Science Foundation.

J. Chem. Phys. 87 (2), 15 July 1987

0021-9606/87/141033-12%$02.10

perimental measurements®~ of E and v,, demonstrates the
utility and quality of the expressions.

The present paper is organized as follows: In Sec. II, the
pertinent equations from paper I' are reestablished thus
forming the basis for the subsequent sections. In Sec. III, a
method for considering the dependence of the exchange in-
teraction on interradical distance J(7) is considered. Analyt-
ic expressions are developed for relaxation and the exchange
frequency (Sec. III A) and for the CIDEP enhancement
(Sec. III B). Included in the latter topic is a semiempirical
approach to the enhancement factor. In Sec. IV, calculated
values of E and v,, for various models of J(#) and diffusion
are compared with experiment. Finally, the results of this
work are summarized in Sec. V.

1l. GENERAL EQUATIONS

In paper 1, we derived modified Bloch equations for
longitudinal and transverse magnetization which explicitly
accounted for relaxation and polarization (CIDEP) by Hei-
senberg spin exchange (HSE). In this paper, we develop
further the terms for the exchange frequency v,., and the
CIDEP enhancement E, which are manifested in the proper-
ties of longitudinal magnetization A/,. We therefore reiter-
ate below, equations from paper I that are pertinent to the
present discussion:

Mz,x = —a,;(0)[M,; —MS,A]
+ w“’“(”.z. [M,, —M2,.]
+M§}P+%[M+,A. -M_,], (2.1)
=T '+ T O +Tg'®, (2.2)
T ol (1) = (1 —w; )ve, (1), (2.3)
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MZP=—-d,GY dl.{vemcl, +&vﬁ(tw&,],
ATEA J
(2.4)
where
Vex (152) = P(r)v, (1), (2.52)
d;
w, = SR (2.5b)
Leedn)T,
(r) —my (2.6a)
1l @)
P(r) —?[m], (2.6b)
0, =0, —0;.. (2.7)

The terms contained in the above expressions for line A are
defined as follows: a,(¢) is a decay rate encompassing un-
coupled relaxation 7", ', HSE induced relaxation T 2!, and
chemical decay T ; '. The exchange frequency v,, is given
by a product of the encounter frequency v, (77 ' in paper I'),
and a probability P(r) that depends on the exchange interac-
tion J(r) and encounter time 7, . J(r) is assumed to be inher-
ently negative and is therefore defined, as in paper I, such
that 1 J(r) is the negative of the exchange integral. The terms
G(r), P(r), and J(r) are functions of the interradical dis-
tance . M C}° denotes nonequilibrium magnetization due to
CIDEP and w; is the relative weight of line A, where d, is
the degeneracy. C,. and D,. are CIDEP terms that were
introduced in paper I and are evaluated in Appendix A. Fin-
ally, @, is the nutation frequency for an on-resonance excita-
tion field and @, is the ESR frequency (ins~') of line 4. The
expressions, thus far, assume J(7)>Q,.. Very weak ex-
change interactions are treated in paper L
It is useful to express the frequencies of RP encounters
v,, exchange v,,, and reactive recombination 7T ; ', as a
function of bimolecular rate constants and radical concen-
tration c(z) as follows:

v, (8) = 2k,c(1), (2.8)
Ve (1) = (P, (1) = 2k_.c(2), (2.9)
T 7 '(8) = 2k, (2). (2.10)

The rate of CIDEP magnetization (M £iP) may also be re-

lated to radical concentration by the following expression®®:

MSP =2E, M3, kye(D), (2.11)
where E, is the intrinsic enhancement factor per reactive
radical pair (RP) encounter and M?, is the Boltzmann
magnetization for line 4. Rearranging Egs. (2.4) and (2.11)
and using Egs. (2.5)-(2.9) gives the important expression

k.G(r)

EZ. (r) = —m[{;}ldiv{ci- + G(r)QA:TeDA:}.
(2.12)

We have also made use of the relation M2, =d, M?. It is
emphasized here that E; is independent of concentration.
Finally, we will have occasion to use a simple model of
diffusion to relate frequency v and duration 7 of various dif-
fusive events to some characteristic distance 7. For Brownian

diffusion,'® these terms are given by

v = 2kc(t) = 4wDrN ,c(1), (2.13)
P2

T=—, 2.14
D ( )

where

kT

D= 5 (2.15)
3mryn

D is the Stokes—Einstein diffusion coefficient, N, is Avogra-
dro’s number, 7 is viscosity, and k is Boltzmann’s constant.

lll. EVALUATION OF THE INTERRADICAL DISTANCE
DEPENDENCE

A. Relaxation and the exchange frequency

The theory presented here considers two contributions
to electron spin relaxation: (i) an explicit account of concen-
tration dependent HSE which describes the coupling of dif-
ferent lines in an ESR spectrum [cf. Egs. (2.1)-(2.4) ], and
(ii) a phenomenological term which accounts for concentra-
tion independent and uncoupled relaxation. The latter term
would include spin—lattice-type mechanisms as well as spin—
orbit, spin-rotation, and g-factor anisotropy interac-
tions.!'~'2 A competitive bimolecular relaxation mechanism
may occur as a result of the electron—electron dipolar
interaction between two radicals. However, experimental re-
sults'? apparently indicate that this mechanism only be-
comes dominant at radical concentrations;>10~2> M, where-
as concentrations in excess of 1073 M are rarely produced
experimentally for reactive radicals.

1. The averaged exchange frequency

The exchange frequency is often expressed as a product
of the exchange probability per encounter P times the en-
counter frequency v,. The form of P is quite explicit and
naturally is a function of J and 7, [Eq. (2.6b) ], however, the
definition of an encounter is often dealt with vaguely. v, is
usually associated with the hard-sphere collision frequency

v, which implies a contact exchange model in which v,

cannot exceed v,/2 [Egs. (2.5) and (2.6)]. The contact
model, however, ignores interaction distances greater than a
molecular diameter which can lead to v,, >v,/2. To consider
this possibility, we express J as a function of the interradical
distance 7 and average the exchange probability P(r) overa
distribution of impact parameters y(r) according to the
expression

<P>=IP(r))’(r)dr (3.1)
Sy(rydr
We express the distance dependence of J(7) as
J) =destG, (3.2)

where J, is the hard-sphere exchange interaction [i.e.,
Jo=J(ry)] and « (in units of 1/7,) is the steepness param-
eter which governs how fast J(r) decreases with 7. The con-
tact exchange model is represented in the limit k- .

The distribution of impact parameters, y (), may be as-
sociated with a frequency at which two radicals approach to
a distance 7 [i.e., y(r) = v/v,]. Using a Brownian diffusion
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model [Egs. (2.13)—(2.15)] one obtains the relation

y(r) =—. (3.3)
7o
One might alternatively derive a similar expression for y(7)

based on pair distribution functions."

We define an encounter distance 7, beyond which the’

exchange probability P(r) becomes negligible (e.g.,
J,7,~0.1). This value is used as the upper limit to integra-
tionin Eq. (3.1). Although, it should be possible to integrate
beyond this value (i.e., to « ), because of the simple form of
y(r) it is best to restrict the range of integration to a region
that truly represents effective exchange encounters. By rear-
ranging Eq. (3.2) and defining J, =J(7, ), one obtains

1

T — [1 +—.1n'&]r0. (3.4)
A Ky
The exchange frequency may then be expressed as
Vi =<P>ve=<P>[1+Llnﬁ]vo, (3.5)
Kror .

where we have related v, and v, using Eqgs. (2.13)—(2.15)
and (3.4).

The evaluation of (P ) [Eq. (3.1)] is difficult even for
the simple form of y(r) in Eq. (3.3). However, reasonable
analytic expressions may be obtained if we recognize that
y(r) varies much less than P(7) over the effective range of
exchange , — r, [since J(r) is very steep] and may there-
fore be taken to be constant [i.e., y(7) ~ 1] over the range of
integration in the numerator of Eq. (3.1). Solving for (P )
from r, to 7, then gives the manageable expression

(P) =i[ln[l + (Jor.)?] —In[1+ (J,7.)?]
2 In(Jy/J,)

An important distinction must be made regarding the
encounter duration for hard-sphere collision vs longer range
exchange (i.e., 7, vs 7,). Clearly, as the interaction region
r, — 1, increases, so does the encounter duration 7,. The
relation between 7, and 7, may be derived from Egs. (2.14)
and (3.4) to give

T— [1 + Lln &]ZTO.

df

KFg =

}. (3.6)

(3.7)

In the contact exchange limit («k7,— « ), 7, naturally re-
duces to 7.

2. Model calculations

In Fig. 1, the dependence of v,, (expressed as a prob-
ability v,, /v,) for various values of 7, and 7, are compared
to that for the contact exchange interaction (k7,— ). As
expected, the calculated dependence of v,, on J(r) differs
markedly from the contact model. In the latter case, v,,
reaches a limiting value of v,/2. Equation (3.5), on the other
hand, shows that v_, continues to increase with J,, even in
the strong exchange limit (J;7,> 1), since the cross section
for exchange continues to increase. As shown in Fig. 1(b),
the rate of increase of v,, with J,, depends on the steepness of
J(r) as measured by a parameter k7,. Equation (3.6) tends
to overestimate the exchange probability P(r) for very large
J, or for long range interactions (i.e., small x7,) since the
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FIG. 1. Calculated dependence of the spin-exchange frequency v, onJ(7):
(a) as a function of 7, with k7, = 10 and (b) as a function of the steepness
parameter 7, with 7, = 10~ "2 s. A contact exchange model (- - -) is given
for comparison. Rates are expressed in units of v, and the exchange thresh-
old is taken to be J,7, = 0.1.
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FIG. 2. Calculated dependence of v,, on the viscosity dependent parameter

7o' (2) Rate expressed in units of v,. Contact exchange model (- --) is given
for comparison. (b) Relative rate of v, . Actual values v, depend on a

specific value of v, or v, which in turn depends on radical concentration.
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approximation y(7) ~ 1 in the numerator of Eq. (3.1) under-
estimates the importance of longer distances where P(r) is
small. This problem arises, however, for J; values that are for
the most part physically unrealistic.

The calculated exchange frequency is perhaps most con-
veniently compared to experiment by plotting v,, as a con-
tinuous function of the hard-sphere duration 7, since this
parameter is viscosity dependent, related to the encounter
duration 7, [Eq. (3.7)], and may be estimated for simple
diffusion [Egs. (2.13)—(2.15)]. The contrast between the
contact exchange (---) and the averaged exchange model
(—) is again very evident in Fig. 2(a). Clearly, the exchange
frequency (expressed as a probability v, /v,) increases with
Jyand 7,. However, the dependence of the actual value of v_,
is more complicated. Although (P ) and 7, increase with vis-
cosity, the collision frequency v, decreases [Egs. (2.13)-
(2.15)]. This situation is illustrated in Fig. 2(b) where it is
apparent that v,, goes through a maximum at J,7,~ 1. Vis-
cosity dependent studies of v,, can therefore provide an ac-
curate determination of J,, especially if complemented with
CIDEP enhancement measurements. We analyze a few ex-
perimental systems in Sec. IV using the relations developed
here to demonstrate the utility of the present model.

B. CIDEP enhancement factor

We begin with Eq. (2.12) for the CIDEP enhancement
E; forline A. The terms C; . and D, . are transformed from a
free radical representation to a singlet—triplet RP represen-
tation in Appendix A and are evaluated in Appendix B. The
use of Egs. (2.12) and (A9) and (A10) then leads to

k.G(r)
kM3

+ G0y 7. [Pssy, = Prros 2} (3:8)

The transformation of the density matrix to the singlet—trip-
let representation (Appendix A ) reveals that the 7', triplet
states have no affect on CIDEP in the high field limit'; a
result known from previous theories of CIDEP.** The pres-
ent theory would lead to a theory of S—7"_ in the low field
limit since we solved the RP density matrix in paper I' using
a complete basis set. Again we note that E, is an intrinsic
enhancement per reactive RP encounter and is therefore in-
dependent of concentration. If we assume reaction from
singlet RPs only, then E, represents the polarization for
triplet RPs. (Other methods for treating reactive recombin-
ation are noted in Sec. IV B.) Since only 7}, gives polariza-
tion in our high field model, then we have the relation
E, =1 E(T,). The precise definition of E is very important
when comparing results with other work.

The physical significance of the two terms in Eq. (3.8)
has been discussed before,'# hence, we just briefly describe
their role. The second term indicates that CIDEP can arise
from random encounters if there is a net multiplicity of ei-
ther the S or T, state. This condition is usually met in solu-
tions of reactive radicals since radical recombination occurs
preferentially from the S state. However, close inspection of
the leading quantity indicates that this contribution to
CIDEP can only be appreciable in the narrow regime where

E,{ (r) = N:w Azld/{’{[pSTD’XI +pToS»X1]/1'
£
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Q, =~J~1; '. Since Q,. is on the order of a hyperfine split-
ting (~10%s™') and 7, on the order of the correlation time
of a diffusive step in liquids (~10~'-10"''s~'), CIDEP
occurring from random encounters is usually negligible. The
second term, however, does have the historical significance
of being the first proposed explanation of RP CIDEP."

The first term in Eq. (3.8) would also appear to be negli-
gible since the phase correlation term [ps7, — 7,5 ] is zero
for a random ensemble of RP encounters. However, RPs can
acquire phase correlation if they should separate and reen-
counter following a previous encounter. Hence, radical pairs
that give rise to CIDEP retain memory of their previous
history. The evaluation of the memory function for the en-
counter/separation/reencounter scheme is common to all
theories of RP CIDEP?>~*'* and is given in Appendix B. By
inserting Eq. (B4) into Eq. (3.8) and dropping the unim-
portant second term, we obtain

k,G(r)

E(r)= —— —
A kZM(z) [Pss pToTo]

dei'f f(t")sin Q,.t' dt'. (3.9)
A’ 0

The summation is now written for all lines 4 ' rather than for
A '#A since the term for A = 4 ' equals zero. In Eq. (3.9) we
have assumed that the net multiplicity [pss — p7,7, | Tesult-
ing from singlet reactive recombination in the initial encoun-
ter is independent of the RP nuclear spin state y/;.

It is important to realize that the terms in Eq. (3.9)
describe the following sequence of events which must occur
for the production of RP CIDEP: (i) Geminate RP forma-
tion usually by photolysis (G pairs) or random RP en-
counters with preferential S state reactive recombination (F
pairs). Both processes give net triplet multiplicity (cf.
[pss —pr,r, ] term). (ii) Separation of unreacted pairs to a
distance where J(7) <Q, . so that S—T; mixing can occur (cf.
sin Q,.¢ term), and (iii) reencounter of the same RPs, with
probability /(#), to give CIDEP with an enhancement that is
dependent on J(r) and 7, [via the function G(r), Eq.
(2.6a)].

We begin by developing an expression for the CIDEP
enhancement E; that accounts for the interradical distance
dependent nature of the exchange interaction J(r). Begin-
ning with Eq. (3.9), we shall be concerned with (i) the inte-
gration of G(r) over a distribution of », analogous to Eq.
(3.1), (ii) evaluation of the net multiplicity term by gemin-
ate RP formation (G pairs) or singlet reactive recombina-
tion of diffusive encounters (F pairs), and (iii) evaluation of
the reencounter probability expression. The latter term will
be formulated in terms of characteristic distances for RP
diffusive reencounters, as well as by a semiempirical expres-
sion which relates the properties of RP diffusive dynamics to
measurable experimental parameters (i.e., koosks):

1. The averaged enhancement factor

Integration over r: The expression for G(r) [Egs. (2.6a)
and (3.2)] in Eq. (3.9) is integrated according to Eq. (3.1)
in the same manner used to obtain the averaged exchange
probability [Eg. (3.6)]. We assumc that the distribution of
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impact parameters y(r) varies slightly compared to G(r)
over the limits of integration and is therefore treated as a
constant in the integral of the numerator. The true function
y(r) is used everywhere else. This operation leads to

n~'Jyr, —tan~'J,7,
In(Jy/J,)

Net multiplicity: For triplet geminate RPs (G pairs), the
net multiplicity [pss —pz,7, ] Will simply be — 1. To de-
scribe the net multiplicity resulting from diffusive en-
counters (F pairs), we define A, as the probability of singlet
reactions. If we assume that triplet pairs are unreactive (or
thatat least 4. €A¢), then the net multiplicity acquired by F
pairs may be expressed as

Gyt (3.10)

As

[pss — Pz, ] =4[ -45) - —A7)]= —_4—-
(3.11)

We have the additional relation that A is related to the ratio

of bimolecular rate constants for reactive recombination &,

to give A5 ~4k,/k, (where we still assume negligible triplet
state reaction). Hence, Eq. (3.11) may be rewritten as

k

[pss —prr,] = — k_z

e

(3.12)

Reencounter probability: The function f(¢) derives from
Noyes’ concept'® of secondary recombination. One is free to
use his own model for the diffusion properties of (7), how-
ever, we use a solution of the Smoluchowski equation first
used in CIDNP by Deutsch.'” We adopt Adrian’s treat-
ment'® which states that the reencounter probability from a
distance where S—7, mixing can occur, to a distance where
exchange effects can occur, in the time interval 7 +dt, is
given by

3\V2 1y —7, \[ )32
dt =|— — (=
4 <4’IT) ( o )(7’ )

e

2.
ol e 2h)
: - 73 t T
We have defined 7, as the distance where J(r) becomes com-
parable to Q,. (thus allowing S-T, mixing to occur), r, as
the distance where exchange effects become active, and 7S
the time between diffusive displacements of the radicals
which we equate with the encounter time. We simplify Eq.
(3.13) by noting that the onset of S-7,, mixing occurs for
times 7 afterwhich the exponential term has become unity
(ie.,Q ;7 '~t>7,). This simplification becomes arguable in
cases of high viscosity. The evaluation of the integral in Eq.
(3.9), using the function f(¢), is given in Appendix C.
The characteristic distances for the onset of S—7, mix-
ing r, and for exchange encounters , are dependent on the
steepness of J(7). Equation (3.2) allows us to write

(3:13)

ro —7r, 1 I
LI L (3.14a)
rQ KrQ Q/_'
Jo
Krg = Kry+ In . (3.14b)

1’

Substituting Eqs. (3.10), (3.12), (3.14), and (C4) into Eq.

1037

(3.9) then gives for the averaged enhancement factor the
expression
S N@/2) [ tan~" Jyr, — tan~"J,, ]

‘ MO In(Jy/J,)

X Z dL In L
e KI‘Q Q;_.
where (sgn Q,.) denotes the sign (i.e., + ) of Q..

The Boltzmann magnetization M 2 which serves as the
basis for defining enhancement, is straightforward to evalu-
ate. At room temperature for conventional ESR fields
(3.4 kG), it is given by

0 1 o YH =7
M2 =— A} =T 141072,
Itis important to note that Eq. (3.15) is valid for a large
rangeof Q, .7, valuesaslongas |Q,.7,| < 1. This upper limit
is imposed by the particular model used for the recombina-
tion probability'* and not by the integration of G(). None-
theless, this range essentially covers all experimentally sig-
nificant values of Q; . 7,. For instance, Eq. (3.15) smoothly
describes the falloff of the square root dependence of |Q, . 7, |
as this term becomes larger. The asymptotic expressions of
numerical solutions predict the same behavior,*’~° but only
for limiting cases.

(sgn @;)|Q; 7. "2 (3.15)

(3.16)

2. Semiempirical expression for E,

All theories of CIDEP rely on diffusion parameters that
are not well defined for many systems. Often, the selection of
values appears rather arbitrary. It would, therefore, seem
desirable to relate these parameters to real experimental ob-
servables. In this vein, we attempt to relate the rather nebu-
lous concepts of characteristic distances for exchange en-
counters 7, and S-T, mixing r,, that appear in f(z) [Eq.
(3.13) ] to measurable quantities. The intention is to present
a treatment with some physical basis, but not necessarily of
the rigor necessary for quantitative calculations.

It is not unreasonable to associate the encounter dis-
tance 7, with a characteristic distance for bimolecular reac-
tion 7, (as is the case for CIDNP'#), and the distance ro for
S-T, mixing with that for the onset of spin exchange, 7., . We
may then write

To—To - lew — 1>

P = (3:17)
7o o

These characteristic distances may be related to measurable
rate constants using the simple diffusion model given by Egs.
(2.13)=(2.15). If we include the probability for reaction
(1/4 if we assume singlet reaction only) and the probability
of exchange [P(7), Eq. (2.6b) ] at the respective distances 7,
and 7., , and make use of Egs. (2.8) and (2.9), one obtains
the relation

e T _ AP

7, e k k

ex ex ex e

(3.18)

The use of Eq. (3.18) in place of Eq. (3.14) in the
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1 FIG. 3. The dependence of |E | on J, for var-
To=10""¢s ious models of the exchange interaction. The
00— S = 7 averaged expression by Eq. (3.15) (—); se-
miempirical averaged expression by Egq.
: (3.19) (--); and contact exchange model
15.0— =130 =] (++-). Calculations are for an RH,-type radi-
T cal with line frequencies 9.33, 9.40, and 9.47
2 GHz (i.e., hyperfine splitting of 70 MHz).
100— 20— — The outer lines are polarized and the middle
line, which is doubly degenerate is unpolar-
ized. For the semiempirical model, the ratio
50— — 0= —] k.. /k, was expressed by P [Eq. (3.18) ]. Oth-
er parameters are: kK, = 0.6X10° M~ 's™,
: k., =1.5X10° M, k, =3.0x10°

0,0 sssnncst] ‘ | e, (IS M~!s~, J,7, =0.1, kry= 10

7.0 8.4 98 12 126 140 90 104 18 132 146 160 Rt R

LOG J, LOG J

expression for E; leads to the semiempirical expression

o (3/2)1/2[ ]

M

o [1 i 4k2]2 d, (sgn 0;)|Q; 7|2

el :

Again, we caution that the particular choice of rate con-
stants and characteristic distances that describe the RP reen-
counter behavior are debatable. Furthermore, we have not
completely replaced the characteristic encounter terms since
values of J, and 7, must still be chosen. The latter term,
however, may be expressed in terms of a diffusion coefficient
by Eq. (2.14). In Sec. IV, we compare calculated values of
E, to experiment as a function of the diffusion coefficient.
Our intent in deriving Eq. (3.19) is to suggest a means (and
not necessarily the best means) for obtaining semiempirical
expressions for E; . The usefulness of this model, however,
may be judged by comparing it with the more exact expres-
sion given by Eq. (3.15) and with experiment (Sec. IV A).

tan~'J,r, —tan='J,7,
In(Jy/J,)

E;

(3.19)

3. Model calculations

We examine the models of E; proposed thus far in Figs.
3 and 4. For the sake of comparison, we include results for a
contact exchange expression based on the semiempirical
model in Eq. (3.19). This is obtained by replacing the inte-
grated expression for (G ) in Eq. (3.10) with that given by
Eq. (2.6a) and making use of the relations given in Eqgs.
(2.5)—(2.9). In Fig. 3, calculated values of E, according to
Eq. (3.15) (—) and Eq. (3.19) (---) are compared along
with a contact exchange model (- --). The first two models
_clearly demonstrate the weakness of the contact model by
showing that significant polarization can still occur in the so-
called strong exchange region (i.e., Jo7o>1). This behavior
is due to longer range (noncontact) encounters, since there
will always be a range of reencounter distances that will give
a favorable value of J(#) for CIDEP. Interestingly, the rath-
er simple semiempirical model for £, gives a qualitatively
similar result to that calculated using Eq. (3.15). Efforts to
develop more exact semiempirical models may therefore
prove promising.

We have varied the steepness parameter «7, for J(7) in
Fig. 4. As J(r) becomes steeper, the interaction region
r, — 7o [Eq. (3.4) ] becomes smaller, leading to a decrease in
E, as illustrated. For a value of «7, = 10, one finds that
J(2r,) < 10~*J(r,). The narrowness of 7, — r, helps explain
why the simple distribution function for encounter distances
y(r) [Eq. (3.3)] works very well. For instance, in the limit
of an infinitely steep J(7) dependence (i.e., contact exchange
where k7y— ) p(r) becomes unity. The narrowness of
r, — r, also explains why the choice of 7, (e.g., where J. 7,
~0.1) is not a very sensitive parameter in the expression for
B,

It is important to recognize that the encounter time 7, is
dependent on J(7). Itis a “breathing value” in the sense that
it increases as the range of J(r) increases [i.e., as k7, de-
creases, Eq. (3.7)]. To show this, we include a calculated
curvein Fig. 4 denoted by (--*--) which represents the curve
just above it, except that we have set 7, = 7,. Although,
qualitatively similar to the more exact curve, the assumption
that , is constant with J, underestimates the value of E,
especially in cases of strong exchange.

In Fig. 5, we have plotted according to Eq. (3.15) the
enhancement |E| as a continuous function of the hard-
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32
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L0G J,

9.0 10.2

FIG. 4. The dependence of |E | on the J(r) steepness parameter k7, accord-
ing to Eq. (3.15). Calculations are for 7, given by Eq. (3.7) (—) and for 7,
= 7(+----). ESR parameters are given in Fig. 3. Other parameters are
7o=10""s"'and J,7, =0.1.
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FIG. 5. The dependence of |E | on the viscosity dependent parameter 7,.
Calculations are based on Eq. (3.15) using the ESR parameters in Fig. 3
and J,7, =0.1.

sphere collision duration 7,. This value may be expressed in
terms of a diffusion coefficient for a particular medium ac-
cording to Egs. (2.13)—(2.15) if one has knowledge of the
molecular diameter 7, and the viscosity 7. At high viscosity
(large 7,), a phase reversal in polarization is predicted by
Eq. (3.15) and inferred in Fig. 5. The calculated phase rever-
sal is only qualitative since it occurs under conditions
(Q, 7, ~1) where the model employed for the RP reen-
counter probability begins to breaks down. A similar phase
reversal effect appears in the asymptotic expressions of
Freed and Pedersen*’ for large Q,.7,. This phenomenon
may have implication to the puzzling phase reversal behav-
ior observed experimentally for certain radical/solvent sys-
tems.'8-20

Measuring E as a function of an experimentally adjusta-
ble property such as viscosity should provide the means for
determining more accurately the value of J,,. This is particu-
larly true when combined with a similar study of the ex-
change frequency, v., [Sec.III A, Fig.2(b)]. An analysis of
recent experimental results in terms of viscosity is presented
in the following section.

The benchmark for comparing calculated enhancement
factors are the numerical solutions of the stochastic Liou-
ville equations reported by Pedersen and Freed.* Although
the diffusion terms in their work make it difficult to compare
on an absolute scale with the present model, the qualitative
agreement is excellent. The calculated magnitude of E ap-
pears though to be greater in the present model than in the
numerical solutions and are in better accord with the emerg-
ing body of experimental measurements (Sec. IV). (An
analysis of recent experimental results is given in Sec. IV in
which asymptotic solutions of the stochastic Liouville equa-
tions are compared with the present expressions.) A small
variation between the two theories occurs for very large (and
possibly unrealistic values of J, where an asymptotic value of
E is predicted in the numerical solutions. The use of a more
accurate expression for y(r) in the integration of G(7) to
account for the greater number of encounters at longer dis-
tances would give better agreement, however, this action
would probably not allow an analytic solution for E. The
analytic expressions derived here, on the other hand, are

valid over a very reasonable range of exchange strengths as
indicated in Figs. 3-5.

The utility of the expressions for E, given by Egs.
(3.15) and (3.19) is that they are analytic, convey physical
sense, and can be incorporated into a set of Bloch equations’
that are descriptive of time resolved ESR studies of reactive
radicals.

IV. COMPARISON WITH EXPERIMENTS

Although, extensive measurements of CIDEP enhance-
ment factors E and exchange frequencies v,, for transient
radicals have been reported>~>"?* in the literature, in only a
few instances have E and v,, been measured for the same
radical system.>™® We focus on the latter class of studies in
the following discussions. Our main concern is to evaluate
how well the present theory compares to (i) the experimen-
tal results and (ii) other theories used to explain the experi-
mental results. Our analysis will, therefore, tend to follow
the approach taken by the researchers in their use of pre-
vious theories. When appropriate, other approaches to ana-
lyzing the data using the present theory are suggested for
obtaining additional information on RP processes.

A. Acetate radical anion

The acetate radical anion CH,CO;, produced by pulse
radiolysis, was recently studied by the electron spin-echo
method.” In this work, a value of | E | = 30 + 6 was obtained
and shown to be independent of concentration, as expected.
HSE relaxation was also studied giving a spin exchange rate
constant of k., = 1.6 X 10° M~' s~! which assumes that no
electron dipolar relaxation occurs (cf. Sec. III A).

The calculated curves in Figs. 2-5 are to some extent
representative of the properties of CH,CO; , however, we
apply the present theory more specifically to the CH,CO;
results in the following. We find it useful to calculate the
hard-sphere collision frequency v, and duration 7, using the
simple diffusion model given by Egs. (2.13)—(2.15). The
pertinent data on the CHZCO{, system are 7= 15°C,
7=1.14, and r,~4 A, which lead to the quantities
ko=17X10°M~'s~!and 7,=~2x 10" s,

Bearing in mind that the contact exchange model has
the restriction that &, <1 k,, the measured value of k., is of
considerable interest since it is nearly identical to k,. This
can be attributed to a long range exchange interaction and

TABLE I. Calculations of E and k., for CH,CO; for various models of
J(r).

Ea
JO kexa.b
(s7h K7, Eq. (3.15) Eg.(3.19) (M~'s™)
11012 10 9 13 1.6x10°
25101 5 20 18 1.6 10°
5x 10 215 38 23 1.6 10°

“Input parameters: k; =0.5X10° M~'s™! k, =32%x10° M~ 's~ |,
To=2X10"" s~ and J.7, = 0.1.
® Calculated by Eq. (3.5).
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FIG. 6. The dependence of | E | on J(r) for the CH2C02‘ radical: (a) Aver-
aged enhancement according to Eq. (3.15). (b) Semiempirical expression
[Eq. (3.21)]. Parameters used in the calculations: k, = 0.5X 10°M ~'s ™!,
k,=16xX10°M~'s7 k, =32X10°M~'s7!, 7,=2%x107" s~ ' and
Jo7: = 0:18

demonstrates the inadequacy of the contact model. The ex-
change frequency v., is a function of the magnitude J, and
long range behavior k7, of J(r). A series of J, and k7, values
may therefore give the same value of v,, . For instance, val-
ues of (Jy; k7,) ranging from (5 10'°s~;2.5) to (110"
s~ 10) are consistent with the measured value of k., as-
suming 7, = 2X 10~ "' s (Table I).

A more precise estimate of the properties of J(r), how-
ever, becomes possible by combining the analysis of the v,
results with the measured CIDEP enhancement E. We have
plotted the calculated dependence of E on (J,; «7,) in Fig. 6.
We have likewise compiled in Table I, calculated values of £
for J(r) parameters consistent with the measured value of
k... Although, the dependence of J(r) is not well known,
previous studies?’ are consistent with values of k7, between 4
and 10. If we consider a long range J(7) dependence, then
the calculated values of E by Eq. (3.15) [Fig. 6(a)] can be
brought into agreement with the measured results for both
k., and E. Inspection of Table I would suggest a value of k7,
between 2.5 and 5.

It is interesting to examine the semiempirical model giv-
en by Eq. (3.19) and plotted in Fig. 6(b). The calculation of
E is less sensitive to the range of exchange parameters (Jo;
kr,) that were found to be consistent with the measured val-
ues of E and k,, (TableI). Thisis because the semiempirical
expression allows known properties to be fixed that might
otherwise vary in a nonempirical model. One might argue
that the value of (Jo; k7o) that gives a similar result by both
Egs. (3.15) and (3.19), best reflects the true nature of the
exchange interaction, especially if the results agree with the

expe;‘imental values for E and k,, as appears to be the case
for CH,CO, . This analysis would then suggest values of
Jo~1x10" s~ ' and kr,~5 (Table I).

Although excellent agreement between calculation and
experiment was obtained, we caution that other factors re-
garding CH,CO; were not considered in our calculations.
Perhaps the most important is the negative charge on
CH,CO, , which may tend to limit close encounters through
Coulombic repulsion. Consequently, RPs have a greater
chance of entering and remaining in a favorable interaction
region for polarization. The diffusive reencounter dynamics
of CH,CO; , might be better described in the framework of
Debye’s theory of reaction rates of charged particles in ionic
solutions.'%?* This analysis has been employed in the study
of spin exchange in stable charged radicals* and more re-
cently?® for CH,CO; . Unfortunately, such an analysis is
extensive and beyond the scope of this paper.

B. H atom recombination

Beckert and Mehler’ recently investigated the RP dy-
namics of hydrogen and deuterium atoms by TR ESR. Their
quantitative measurements of £ were analyzed using asymp-
totic solutions to the stochastic Liouville theory of CIDEP
by Pedersen and Freed.* These co-workers, furthermore, in-
vestigated the concentration dependence of 7', and 7, so as

o
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= PSS O S R e o H atom, E(T)
i H atom, E(F)
sul —-— D atom, EF) <
16 |- ZEN .
= 7 N B
- ? \ i
Bl o i |
AR e
L =
/ o
1 | 1 | B I - I I
- - 2 13 14 15

L0G J,

FIG. 7. Calculations of S-T, CIDEP from F-pair encounters of hydrogen
atoms. (a) H atom polarization as a function of the distance of closest ap-
proach , for a diffusion coefficient of Dy = 7X 10~> cm?s~". (b) Com-
parison of E for H and D atoms assuming ro = 3.4 A and D =4Xx107°
cm?s~ . E(T,) refers to the polarization for pure T, RPs. All calculations
used values of k7, = 5 In 10 and J,7, = 0.2. Calculations were normalized
to E(F) = 1E(T,) in order to reproduce reaction probability modcl in Ref.

7k
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FIG. 8. Calculated dependence of Eand v,, for H and D atoms as a function
of the diffusion coefficient D. Calculations for various 7o assumed J,7,

= 0.2 and parameters from Ref. 7 of J, = 10'2s~' and «r, = 5 In 10. Vis-
cosity scale is for H atom only and is based on the reported value of D

=7X 1077 cm®s™ "' and assuming 77~ 1.0 for aqueous solutions.

to determine the HSE contribution to relaxation. This work,
therefore, serves as an excellent test case for comparing cal-
culated results using the present theory to not only the ex-
perimental CIDEP and relaxation results, but also to the
calculated results for £ using the theory of Pedersen and
Freed.

CIDEP in H atoms is somewhat complicated by the
large hyperfine splitting which contributes significant S-7"_
polarization.?' Beckert and Mehler” were able to extract out
the S-T,, contribution from F pairs, obtaining values of
E = 14and E = 10 for H atom and D atom RPs, respective-
ly. Calculations based on Eq. (3.15) were carried out for £
as a function of J, and the distance of closest approach roand
are plotted in Fig. 7(a). The present calculations use the
same parameters for exchange, diffusion, and recombination
employed by Beckert and Mehler in their calculations. Re-
markable agreement is obtained in terms of the functional
dependence of E on J, and r,. The absolute values of £ agree
to within 30% after correcting for differences in our defini-
tions of E and reaction probability. The model for the reac-
tion probability in Ref. 7 results in E(F) ~1 E( T,) as op-
posed to a factor of { in our model (Sec. III B). We have
therefore normalized our results to 1E(T,) to be consistent
with Beckert and Mehler.’

Calculations using Eq. (3.15) were also carried out for
D atom RPs and are compared with results using the asymp-
totic solutions in Fig. 7(b). Again, excellent agreement is

obtained for the functional dependence of E on J,, and 7,.
Interestingly, we predict a slightly larger enhancement for D
atoms than H atoms, opposite to the results of Beckert and
Mehler.” Nonetheless, agreement on the absolute scale is
within 25% even though our treatment of the reaction prob-
ability differs.

Beckert and Mehler’ argue that the distance of closest
approach 7, for H atom RPs is greater than the Bohr diame-
ter of 1.06 A and is best represented by a distance of about 3.4
A. The value of 7o should be manifested in the dependence of
E and v,, on the rate of diffusion. We illustrate in Fig. 8 the
calculated values of E and v,, for various encounter dis-
tances 7, over an experimentally realistic range of viscosities
appropriate to the H and D atom experiments.” These results
indicate that different values of 7, can be distinguished on the
basis of the viscosity dependence of E and v, .

The simulation of v, in Fig. 8(b) was calculated for a
concentration of H atoms of 2 X 10~> M, representing a typi-
cal value in the experiments of Beckert and Mehler. At this
concentration, these investigators obtained a value of 7!

= 2.2X10°s™". For a single spin-1 system such as H atom,
one has the relation"*'T ;)\, = v,,/2. In cases of multiplet
CIDEP, however, the actual measured or “effective’” value
of T’ for the line of interest is enhanced by the contribu-
tion to decay from the other oppositely polarized lines. For
H atoms, the effective rate is twice the unpolarized rate,!
consequently, v, = (7 .1).s =2.2X10° s~!. Remark-
ably, the calculations in Fig. 8(b) are in complete agreement
with experiment if we assume the values 7, = 3.4 A and
D =7.0x10"° cm® s~ ! that Beckert and Mehler found to
best fit their other data.

The excellent agreement between the present calcula-
tions and experiment must be considered to some extent for-
tuitous, however, it does indicate that the present model is
capable of making quantitative and certainly qualitative pre-
dictions of CIDEP polarization and HSE relaxation as a
function of many properties relating to radical-radical inter-
actions and encounter dynamics. It is also worth emphasiz-
ing that an investigation of both E and v, can provide a more
precise estimate of the properties of the exchange interaction
J(7) than either analysis alone. This conclusion was also
reached in the analysis of the experimental and calculated
results for CH2C02‘ in the previous section.

For purposes of comparison, the above treatment for the
H and D atom was intended to match as closely as possible
that given by Beckert and Mehler” using the asymptotic so-
lutions of Pedersen and Freed.* A thorough analysis should
include variations not only of r,, but of other parameters
affecting the interradical exchange interaction (e.g., J, and
Kr,) as was done in the treatment for CH2CO{ (Sec. IV A).

C. Photoreduction of acetone: 2-Propyl-2-ol radical

Paul® reported on the photoreduction of acetone with 2-
propanol in aqueous solution to give 2-propyl-2-ol,
(CH,),COH, radical pairs. This work is notable in that he
presents absolute enhancements E for all lines as well as de-
terminations of initial concentration ¢(0) and T,. Further-
more, he has analyzed his CIDEP results using equations
based on the numerical solutions of Pedersen and Freed.*
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TABLE IL Experimental and calculated CIDEP enhancements for
(CH;),COH.

Calculated for o)t

Obs. 110"
Line (Ref. 8) 1x 10" 1x 102 1x10"  (Ref 8)
= 62 110 69 47 16
=95 115 174 108 80 28
5313 153 232 143 98 35

*Input parameters: D = 8 10~° cm*s™', 7, = 4.6 A, kry=5In10,J,7,
—0.2 and ¢(0) = 1.6xX10~° M. Polarization enhancements are ex-
pressed as absolute values.

Using the same parameters as Paul, we have calculated
polarized spectra for (CH,),COH using the major hyper-
fine interaction involving the six equivalent methyl hydro-
gens which gives a seven line spectrum. (The weak a-H and
hydroxy-H interactions have been ignored.) The present
calculations are compared to the observed and calculated
results of Paul® in Table II. Paul restricted his calculations to
an exchange interaction of J, = 1X 10" s™" and obtained
polarizations that were about one-quarter of the observed
values. For the same parameters, we obtain much better
agreement, but still fall short of the experimental values.
However, an excellent agreement for all lines can be ob-
tained by assuming a value of J,~1x10" s—! (Table II).
Again, we caution that our calculations are presented simply
as a comparison with other methods. A full analysis should
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FIG. 9. Calculated dependence of |E | and v, on viscosity for (CH;)ECOHA
Calculations assumed J,7, =02 and parameters from Ref. 8 of
kro="5In10,r,=4.6 A,andc(0) = 1.6 X 10— M. Viscosity scaleis based
on the reported value of D = 8X 10— cm? s~ and assuming 7~ 1.0 for
aqueous solutions.

consider other parameters relating to the interradical ex-
change interaction and diffusive dynamics affecting radical
encounters. For instance, the ratio of polarization for each
line varies with the properties of the RP interactions [Fig.
9(a) ] and hence is another experimental observable that can
help in obtaining a unique fit of experiment to a calculated

RP model.

In Fig. 9(a), we have plotted calculated results which
show that E for the (CH,),COH radical is not strongly de-
pendent on viscosity over an experimentally relevant range.
The exchange frequency v,, on the other hand, exhibits a
steeper dependence on viscosity as illustrated in Fig. 9(b)
(for a concentration of 1.6 X 10— °M). Unfortunately, Paul®
did not measure 7' ! over a range of radical concentrations
in which to separate T 5" and 7'i;,. (This determination
would have been difficult at these low concentrations be-
cause the encounter frequency would have rendered
T <T"). For the appropriate value of D =8X 102
cm? s~ !, we obtain calculated values of v, = 5.2X 10® and
6.5 10% s~ ! for J, = 10'* and 10"* s, respectively. These
values are reasonable in view of the measured rate of reactive
recombination® of 4.3 10°s™".

V. SUMMARY AND CONCLUSION

The dependence of the exchange strength on interradi-
cal distance J(7) has been applied to the problem of relaxa-
tion and CIDEP. Analytic expressions for the CIDEP en-
hancement E and the spin exchange frequency v, have been
obtained by integrating an exponential model for J(7) over a
distribution of encounter distances 7 based on Brownian dif-
fusion and pair correlation. A semiempirical expression has
also been presented for E in which diffusion parameters,
which are ordinarily difficult to determine, are related to
measurable properties such as the chemical decay rate and
the encounter frequency. ;

The present model has been compared not only to recent
experimental work, but to analyses based on the numerical
solutions of the stochastic Liouville equations by Pedersen
and Freed.* Several experimental systems have been exam-
ined using the present treatment in order to demonstrate the
excellent quantitative capabilities. Analysis of the results for
CH,CO; by the nonempirical and semiempirical methods
successfully models the experimentally measured values® of
E and k., for an exchange interaction J(r) in which
Jo~1x%10" s~ ' and kry=5. An analysis of the recent Hand
D atom work,” likewise, gave excellent agreement with the
measured values of E and v, as well as with the analysis of E
using the asymptotic solutions of Pedersen and Freed. The
present expressions were also applied to results for
(CH3)2COH and found to be in closer agreement with ex-
periment than the asymptotic solutions using the same input
parameters. A better value for J, is suggested which essen-
tially reproduces the polarizations for each of the hyperfine
lines of (CH,),COH. :
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APPENDIX A: EXPRESSIONS FOR CIDEP:
TRANSFORMATION TO SINGLET-TRIPLET
REPRESENTATION

We have previously' expressed the free radical and en-
counter pairbasis states in an uncoupled representation giv-
en, respectively, by

|k> S mssHmI,i> (A1)
and
\ku) = XssX1)s (A2)
where
Xs = msmg, (A2a)
a b
X =X;Xll) = Hml,iHmI,j- (A2b)
i J

Theories on CIDEP usually employ a coupled RP basis set in
which the pair of electron spins y is expressed in terms of
singlet and triplet states y5* by the relations

T —ea,

So=2""*(aB — Ba),

To=2""2(af + Ba),

T_=pB (A3)

The density matrix elements in the uncoupled represen-
tation must be transformed accordingly. If S is a similarity
matrix that transforms the vector of basis states for the en-
counter pair /3, to the vector of RP states Bgp, i.c.,

Brp = SB. . (A4)
then the RP density matrix pgp is obtained from p, via the
operation

Prp =Sp. ST (AS)

The density matrix elements for CIDEP are encom-
passed by the C,, and D, terms [cf. paper I, Egs. (3.3a)
and (3.3b)!] which we rewrite as

Cyv e iImpklp,uv =i(pkv,ly _plu,kv)’ (A6)

‘D‘uv =Re PriPuv = 1.(ka,1,‘ 521> (A7)
where we have made use of the relation p,.p,,

= Pabea = Pig.ap- Since kI and pv represent ESR transitions
from m, = B(kand i) tomg = a (/ and v), we have for the
encounter pair states

[kv) = |aBx ), (A8a)

e} = |Basys). (A8b)

It may be shown by carrying out the tedious transformation
_ in Eq. (A5) or by judiciously grouping terms that

(A9)
(A10)

Cw' = (PSTO,X, —PTsy )
D,, = (pssy, S T )

An explicit example of the transformation for the RH spin
case has been worked out before.*® The expressions for C;
and D, are simply equated to the corresponding terms for
the transition(s) comprising line 4.

APPENDIX B: EVALUATION OF THE MEMORY
FUNCTION C,,

An encounter of two radicals can only give RP CIDEP
if (i) the same radicals have had a previous encounter with
singlet encounters reacting to leave net triplet multiplicity,
and (ii) the RPs separate to a sufficient distance between
encounters to allow S—7, to occur via the hyperfine interac-
tions [i.e., J (r)<Q,.]. Hence, RPs giving rise to CIDEP
have memory of their initial encounter and events leading up
the the reencounter. This information is contained in the
memory function C,,,, which we evaluate from the instant of
initial RP separation to the onset of the RP reencounter.

The density matrix solution for the free radical in the
absence of exchange and relaxation is given by

p(1) =é"”7)(0)e+iH’. (B1)

The exchange term does not apply here since the solution is
strictly for intervals befween encounters. Unusual situations
where exchange effects and S-7, mixing occur simulta-
neously are treated in the encounter RP density matrix solu-
tion. The relaxation term is dropped since typical times for
RP reencounters (~107'-107!'s) are much less than
those for relaxation (~107°-10"8s). Since the Hamilto-
nian matrix f is diagonal in the high field limit," one obtains
for the elements of p,

=€ "2 paito), (B2)

where w,, = H,,, — H,.
Substitution of Eq. (B2) into Eq. (A6) leads to.

Eni— i{qos(a)kl — @)t [Ps1,,(0) — pr,5,,(0) ]
+1i Sin(a)k, = Cl)‘uv)t [pSS,x,-(O) —,DTOTD,X,(O) ] })
' (B3)

where we have expressed the initial conditions in the RP
representation via the identities described in Appendix A
[Egs. (A6)-(A10)]. The initial condition for the cosine
termin Eq. (B3) represents a phase correlation which is zero
for a random ensemble of radicals. Finally, an averaged C..
is defined by integrating over a distribution of reencounter
probabilities f(z) to give

G =fo e (G

= [Pssx, _Pﬂ,z,,x,]L St )sin(wy —w,, )t dr'.
(B4)

The function j(z) is discussed in more detail in Sec. III B 1.
The expression for C; is obtained by substituting Q,. [Eq.
(2.7)] for wyy — @,,,,.
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APPENDIX C: INTEGRATION OVER THE
REENCOUNTER PROBABILITY f({)

For f(¢) given by Eq. (3.13), the integral in Eq. (3.9) is
given by

Int.———_f f(t")sinQ;.t"dt’
0

®© fpr\ —3/2 ¢!
— Kf (—) sinQ;.t'd (—),
0\ T

where

K=(2) "=z
4 o

If we introduce the change of variablesx = O, .¢’, we obtain

(Cla)
(Cl1b)

Int = K(sgn QA')’QA'TJWJ x32sinxdx. (C2)

0

The quantity Q,. has been expressed as (sgn Q;.)|Q;. |
where sgn indicates the sign (i.e., + ) of Q;. to avoid prob-
lems with square roots. The integral in Eq. (C2) may then be
integrated by parts to give the definite integral

f w2 sin odx — ZJ x Y2 cosxdx= (2m)"% (C3)
0 0
Eqilations (C1)—(C3) then give the final expression

fwf(t’)sin Q;tidr
(0]

= (i)l/z[u] (sgn 0;.)|Q, 7. |'%.

2 o

(C4)
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